The multi-state consecutive k-out-of-r-from-n: F system model consists of n linearly ordered components where the system and its components may be in one of the possible states: 0, 1, …, M. Such model can be used in oil pipeline systems, telecommunication systems, and mobile communication systems. Other applications are in the radar detection, in quality control, inspection procedures and in a series of microwave towers. This paper suggests new bounds of multi-state consecutive k-out-of-r-from-n: F system using the third order Boole-Bonferroni bounds when the components have the same state distribution. Further, Comparisons between the existing and suggested bounds are given.
Notations n : the number of system components. M : highest state of the system and its components, state 0: lowest state. r : number of consecutive components in the system, r  n. N : number of r consecutive components in the system, N = n -r + 1. 
Introduction
The multi-state consecutive k-out-of-r-from-n: F system was studied by [1, 2] . When r = n, we have a multi-state k-out-of-n: F system that was studied in [3, 4, 5] . When k = r, we have a multi-state consecutive-k-out-of-n: F system that was studied in [6, 7] . The multi-state consecutive k-out-of-r-from-n: F system consists of n linearly ordered components where the system and its components may be in one of the possible states: 0, 1, …, M. The state of multi-state consecutive-k-outof-r-from-n: F system is below j, 1 jM  , whenever the states of at least l k components are below l, for all l such that j l M  , out of any r consecutive components. According to k values, the system can be categorized to three special cases. Case 1: when
, the system is called an decreasing multistate consecutive-k-out-of-r-from-n: F system. Case 2: when
, the system is called an increasing multi-state consecutive-k-out-of-r-from-n: F system. Case 3: when j k is a constant, i.e.
 , the structure of the system is the same for all system state levels. Such system is called constant multi-state consecutive-k-out-of-r-from-n: F system. As mentioned in [2] , the multi-state consecutive k-out-of-r-from-n: F system equivalents the multi-state consecutive (r -k + 1) -out-of-r-from-n: G system, and so the decreasing multistate consecutive k-out-of-r-from-n: F system equivalents the increasing multistate consecutive (r -k + 1) -out-of-r-from-n: G system.
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In this paper, we suggest new lower and upper bounds of increasing multi-state consecutive-k-out-of-r-from-n: F system when the components have the same state distribution by applying the third order Boole-Bonferroni bounds. Calculation the new bounds requires determination the elements involved in 1 S were determined by Ref. [2] . The elements involved in 3 , j S will be proposed in this paper; which are more difficult. Further, comparisons between the existing and suggested bounds will be given.
Assumptions
1) The system is multi-state monotone [9] :
2) The states of all components are i.i.d. random variables.
3) The state of the system is completely determined by the states of the components. 4) A lower state level represents a worse or equal performance of the component or the system. 5)
The third order Boole-Bonferroni Bounds (proposed)
The third order Boole-Bonferroni lower and upper bounds were used in binary system case [8] , and we can apply these bounds for increasing multi-state consecutive-k-out-of-r-from-n: F system because at each level j ; for all j = 1,2, …, M; the system considered as failed if j x  ) (  , and functioning otherwise; this means that at each level j there are two cases only. Then for all j = 1,2, …, M, the lower bound of increasing multi-state consecutive-k-out-of-r-from-n: F system can be given by:
The upper bound of increasing multi-state consecutive-k-out-of-r-from-n: F system can be calculated by: (1) and (2) Pr( )
Calculation the probabilities
Where 
The binomial moment 2, j S can be given by: 
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Calculation the probability
, A as shown in Figure 2 . We can use the formulas (9) and (10) to calculate the , , ,
Pr( ) a j b j c j
A A A in this case, but with the following data: S we can get the new bounds of the increasing multi-state consecutive-k-out-of-r-from-n: F system using the relations (1) and (2).
Illustrated Example 1.
Consider an increasing multi-state consecutive-k-out-of-r-from-n: F system with the following settings: n = 7, r = 4, M = 3, the k vector is ( 2,3) , and the state distribution of components is ( ,, Q Q Q ) = (0.1, 0.3, 0.6). We can find the system bounds as follows:
For state 3: 
Because the components have the same state probability distribution, so that 
Numerical Results
Numerical computations for the given examples are carried out on Intel Core 2 Duo with a 2 Ghz CPU and 2 GB of RAM under Windows 7 operating system using Visual Basic 6 Program. The cods were written carefully because the summations in the suggested equations depend on the others. The numerical examples in tables 1, 2 and 3 are considered to illustrate the effectiveness and efficiency of the proposed bounds of increasing multi-state consecutive-k-out-of-r-from-n: F system through comparisons between Hunter-Worsley lower bound, second and third order Boole-Bonferroni bounds. In all tables 1-3, instead of giving bounds of the system failure probability we tabulated bounds of the system reliability (LBj and UBj). This will lead to change the lower and upper bounds, of course, so that the Hunter-Worsley bound becomes lower instead of upper. Bold faced figures in the tables show the best lower and upper bounds achieved. Tables 1-3 show numerical results for the system reliability with M = 3 and variant values of n, r, kj.
Conclusions
This paper suggests new bounds of increasing multi-state consecutive-k-out-ofr-from-n: F system (k1  k2  …  kM) by applying the third order Boole-Bonferroni bounds when the components have the same state distribution. The proposed bounds are more efficient and effective than the existing bounds. Table 1 . 
